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Abstract
Experimental and theoretical simulations of linear and nonlinear optical susceptibilities of the
novel Na3La9O3(BO3)8, a ternary oxyborate nonlinear single crystal, are reported here. The
calculations were based on one of the most accurate methods for the computation of the linear
and nonlinear optical susceptibilities of solids within density functional theory. Our calculations
show that the edges of optical absorption for ε⊥

2 (ω) and ε
‖
2(ω) are located at 5.2 eV, in good

agreement with our measurements. The anisotropy is in good agreement with the theoretical
data. The same is true for the birefringence. We found that our calculated and measured
refractive indices are in good agreement with those obtained by previous measurements. The
imaginary and real parts of the second order second harmonic generation (SHG) susceptibility
χ

(2)
222(ω) and χ

(2)
112(ω) were evaluated. Our calculation shows that χ

(2)
112(ω) is the dominant

component, which shows the largest total Re χ
(2)
i jk (0) value (2.3 pm V−1) compared to χ

(2)
222(ω).

This value shows very good agreement with experimental data (2.0 pm V−1) obtained by
previous measurements and our measurements. One specific feature of the investigated crystals
consists in substantial anisotropy of their properties, which plays a crucial role in the observed
experimental dependences.

These crystals possess very highly nonlinear optical properties. The coefficient of the SHG
is about three to five times larger than that of KH2PO4 (KDP).

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Na3La9O3(BO3)8 (NLBO), ternary oxyborate nonlinear single
crystals have been extensively investigated because of their
potential applications in nonlinear optics (NLO) and laser

engineering. It has excellent properties such as short growth
period, large effective nonlinear coefficient, high damage
threshold, and good mechanical properties. Na3La9O3(BO3)8

is optically transparent from 270 to 2100 nm, free from
moisture and chemically very stable [1]. This crystal was
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obtained by Wu et al [2]. Gravereau et al [1] reported
the preparation of the single crystal and solved its crystal
structure. The unique structural characteristics of the boron–
oxygen groups in a series of these compounds determine their
enhanced ultra-violet transparency, very good nonlinearity and
relatively high resistance against laser-induced damage [1].
The diversity and versatility of borate structures due to the
flexibility of boron to adopt either trigonal or tetrahedral
oxygen coordination are probably the cause of the great
variety of properties in borates. Thus, in a series of these
compounds, the structural characteristics of the boron–oxygen
groups determine their enhanced ultra-violet transparency,
which, combined with a high polarizability and resistance
against radiation-induced damage, implies that many borates
are attractive candidates for laser hosts and nonlinear optical
materials with harmonic generation applications [3–10].
Zhang et al [8] reported that the optical second harmonic
generation (SHG) measurements of laser radiation showed that
NLBO crystal exhibits an optical SHG effect which is about
three to five times larger than that of KDP. NLBO has potential
application as a nonlinear optical material [8].

As there are no theoretical calculations of the linear
and nonlinear optical properties for NLBO crystal, we
report such calculations in this paper and try to find the
physical origin of the observed anisotropy. Therefore,
research combining theoretical calculations and experimental
measurements is necessary for understanding the electronic
and optical properties and checking the validity of theoretical
calculation. Our work will highlight the accuracy of the full
potential calculation in comparison with our measurement.

Our aim in this paper is to understand the origin of the high
χ(2)(ω) and the degree of birefringence in these materials.

2. Computational method

Na3La9O3(BO3)8, ternary oxyborate nonlinear single crystals,
crystallize in space group P 6̄2m with a unit cell of dimensions
a = 8.9033 Å and c = 8.7131 Å for Z = 1 [1, 2]. Its
basic structure is composed of BO3 planar triangles, LaO9

polyhedra, LaO8 polyhedra, and NaO6 polyhedra.
The calculations reported in this work were carried out

by means of the full potential linearized augmented plane
wave (FP-LAPW) method using the WIEN2K computer
package [11]. In this approach the space is divided into an
interstitial region (IR) and non-overlapping muffin-tin (MT)
spheres centered at the atomic sites. In the IR region, the
basis set consists of plane waves. Inside the MT spheres,
the basis set is described by radial solutions of the one
particle Schrödinger equation (at fixed energy) and their
energy derivatives multiplied by spherical harmonics. The
exchange–correlation (XC) effects for the structural properties
are treated by the local density approximation (LDA) [12]. The
conventional band gap in LDA is not easy to fix by methods
other than either very primitive (scissor) or quite sophisticated
(GW) ones, for localized states like La f. So we can say that
the position of La f band as it comes from LDA calculations is
very far off.

In order to achieve energy eigenvalue convergence, the
wavefunctions in the interstitial region were expanded in plane
waves with a cutoff Kmax = 9/RMT, where RMT denotes the
smallest atomic sphere radius and Kmax gives the magnitude of
the largest K vector in the plane wave expansion. The RMT

are taken to be 2.0, 1.4, 1.2 and 1.3 atomic units (au) for La,
Na, B and O respectively. The valence wavefunctions inside
the spheres are expanded up to lmax = 10, while the charge
density was Fourier expanded up to Gmax = 14. The self-
consistent calculations are considered to be converged when
the total energy of the system is stable within 10−4 Ryd. The
integrals over the Brillouin zone are performed up to 250 k-
points in the irreducible Brillouin zone (IBZ).

The BZ integrations are carried out using the tetrahedron
numerical method [13, 14]. The frequency dependent linear
optical properties are calculated using 500 k-points and the
nonlinear optical properties using 1500

⇀
k-points in the IBZ.

Both the plane wave cutoff and the number of k-points were
varied to ensure total energy convergence.

3. Several experimental parameters of the
Na3La9O3(BO3)8 single crystals

The investigated Na3La9O3(BO3)8 single crystals have been
synthesized by spontaneous crystallization on a iridium
cylinder put in melts consisting of binary oxides. The cooling
rate was equal to about 1.6 K min−1. Thermostabilization was
equal to about 0.01 K. The mixture for the melt consisted of
La2O3, sodium carbonate and borate acids. The content of
sodium oxide was varied within 34.8–39.6% and La2O3 oxide
varied within 28–31.6%. The solidification temperature was
varied within 1107–1156 ◦C depending on sodium oxide. The
obtained crystals had average sizes about 2 × 2 × 3 mm3.

In figure 1(a) we present polarized spectra of the
investigated crystals for light polarization parallel to z and
x . Their features show only a light spectral shift. One can
see a slight anisotropy of the values of the absorption edge.
The shape of the absorption may indicate several contributions
of the defect trapping levels. Following the extrapolation
procedure, the energy gap for the z direction is equal to about
5.18 eV and for the x direction 5.09 eV.

Simultaneously we have made measurements of the
birefringence (figure 1(b)) for the X Z -plane cuts of the
crystals. The measurements were performed by the Senarmont
method for the samples with thickness about 200–300 μm. As
a light source, the light from the spectrophotometer SF4 with
spectral resolution of about 1.5 nm was used. The precision of
the birefringence determinations was about 3 × 10−4. One can
see that the value of the birefringence is about 0.065–0.007
up to 3.4 eV. With the following increase of the energy we
have substantial enhancement of the birefringence, achieving
a value of about 0.124 at an energy of about 5 eV.

Additional information about the anisotropy for the optical
properties can be obtained from analysis of the imaginary
part of the dielectric susceptibility (see figures 1(c) and (d))
on the spectral range of the inter-band transitions. For this
reason we have used the polished plate of the samples cut
in the X Z plane. The measurements were made on the
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Figure 1. (a) Polarized absorption of the Na3La9O3(BO3)8 single crystals for light polarization parallel to the z axis of the crystal (triangles)
and x axis (squares). (b) Dispersion of the birefringence �nxz . (c) Calculated ε⊥

2 (ω) (dark curve) and measured (light curve). (d) Calculated
ε

‖
2(ω) (dark curve) and measured (light curve).

Seya-Numioka based UV ellipsometer with spectral resolution
about 6 nm. The light source was a He excited lamp.
The grating monochromator allowed the measurements to be
made in the reflected regime in a wide range of angles.
The investigations have shown several anisotropies which
may explain the observed anisotropy of the energy gap (see
figure 1(a)) and of the birefringence (see figure 1(b)).

For investigations of the second order optical susceptibil-
ities we have done an experiment using an optical parametri-
cal oscillator (OPO) with the pumped 532 nm laser line. We
have made the measurements for the two principal tensor com-
ponents: dxxy and dyyy. In figure 2 we present the measured
dependences for the two principal components of the second
order optical susceptibilities for the investigated crystals. The
dark line corresponding to dxxy and dyyy has a light line. One
can see that the dxxy tensor component has substantially larger
value with respect to dyyy.

4. Results and discussion

4.1. First order optical susceptibilities and birefringence

Generally, optical properties of matter can be described by
the mean of the transverse dielectric function ε(ω). There
are two contributions to ε(ω), namely intra-band and inter-
band transitions. The contribution from intra-band transitions
is important only for metals. The inter-band transitions can
further be split into direct and indirect transitions. Here
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Figure 2. Spectral dependence of the second order optical
susceptibilities for the two principal components: dark line, dxxy ;
light line, dyyy .

we neglect the indirect inter-band transitions, which involve
scattering of phonons and are expressed to give only a small
contributions to ε(ω) [15]. To calculate the direct inter-band
contributions to the imaginary part of the dielectric function
ε2(ω), one must sum up all possible transitions from the
occupied to the unoccupied states. Taking the appropriate
transition matrix elements into account, the imaginary part of
the dielectric functions ε2(ω) is given by [16]. The knowledge
of both real and imaginary parts of the frequency dependent
dielectric function allows the calculations of important optical
functions such as the refractive index n(ω), reflectivity
R(ω) and absorption coefficient I (ω); in this paper we will

3
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concentrate on the calculation of the refractive index to explain
the birefringence. The refractive index is given by the
expression [17]

n(ω) =
⎡
⎣ε1(ω)

2
+

√
ε2

1(ω) + ε2
2(ω)

2

⎤
⎦

1/2

.

In the calculations of the optical properties, a dense mesh
of uniformly distributed k-points is required. Hence, the
Brillouin zone integration was performed with 286 k-points
in the irreducible part of the Brillouin zone. Broadening
is taken to be 0.04 eV. Our optical properties are scissor
corrected [18, 19] by 0.78 eV. This value is the difference
between our calculated (4.44 eV) and measured (5.22 eV)
energy gaps. This could be traced to the fact that LDA
calculations usually underestimate the energy gaps. A very
simple way to overcome this drawback is to use the scissor
correction, which merely makes the calculated energy gap
equal to the experimental gap.

Figures 1(c) and (d) display the variation of the imaginary
(absorptive) part of the electronic dielectric function ε2(ω).
Our analysis of the ε2(ω) curve show that the threshold
energy (first critical point) of the dielectric function occurs
at 5.2 eV. This point is the valence band minimum (VBM)
and the conduction band maximum (CBM) splitting, which
gives the threshold for direct optical transitions between the
highest valence and the lowest conduction band. This is
known as the fundamental absorption edge. Beyond these
points, the curve increases rapidly. This is due to the fact
that the number of points contributing towards ε2(ω) increases
abruptly. Generally, one can see a sufficiently good agreement
with our experimental data (see figures 1(c) and (d)).

The principal peak in the spectra is situated at 8.0 eV
for ε⊥

2 (ω) and 10.0 eV for ε
‖
2(ω). The imaginary part of

the dielectric function ε2(ω) is calculated from the electronic
structure. More explicitly, ε2(ω) is nothing but the one-
electron approximation of the Fermi golden rule (sum over
direct transitions times the delta function representing the
conservation of energy). From the imaginary part of the
dielectric function ε⊥

2 (ω) and ε
‖
2(ω) the real part ε⊥

1 (ω) and
ε

‖
1(ω) is calculated by using Kramers–Kronig relations [20].

The static dielectric constant ε1(0) is given by the low
energy limit of ε1(ω). Note that we do not include phonon
contributions to the dielectric screening, and ε1(0) corresponds
to the static optical dielectric constant ε∞. The calculated
optical dielectric constant ε∞ is 3.0 for ε⊥

1 (0) and 2.8 for ε
‖
1(0).

The uniaxial anisotropy [δε = (ε11
0 − ε⊥

0 )/εtot
0 ] is −0.068,

indicating the strong anisotropy [21] of the dielectric function
in the NLBO crystal.

Generally, the compound shows considerable anisotropy
in the linear optical susceptibilities, which favors an important
quantity in SHG and OPOs due to better fulfilling of phase
matching conditions, determined by birefringence. The
birefringence is the difference between the extraordinary and
ordinary refraction indices, �n = ne − n0, where in our case
ne is the index of refraction for an electric field oriented along
the c-axis and n0 is the index of refraction for an electric field
perpendicular to the c-axis. The birefringence is important

Table 1. Our calculated refractive index in comparison with
previous calculated and measured ones.

Refractive
index This work

Previous
calculations Experimental

n⊥(0) 1.799 1.8571a 1.8572a

n‖(0) 1.739 1.771a 1.772a

a Reference [10].

only in the non-absorbing region, which is below the energy
gap. We have found that the birefringence �n(0) of the
NLBO crystal is equal to 0.06, in qualitative agreement with
our experimental data (see figure 1(b)). The static refractive
index n(0) is found to have the value 1.799 for n⊥(0) and 1.739
for n‖(0), which is in good agreement with those obtained by
Yunge et al [10] at the wavelength of 1068 nm (table 1).

4.2. Second order susceptibilities

The expressions of the complex second order nonlinear optical
susceptibility tensor χ

(2)

i jk (−2ω; ω; ω) have been presented
in previous works [21, 22]. From the expressions we can
obtain the three major contributions: the inter-band transitions
χ

i jk
inter(−2ω; ω,ω), the intra-band transitions χ

i jk
intra(−2ω; ω,ω)

and the modulation of inter-band terms by intra-band terms
χ

i jk
mod(−2ω; ω,ω). These are

χ
i jk
inter (−2ω; ω,ω) = e3

h̄2

∑
nml

∫
d�k

4π3

�r i
nm{�r j

ml �rk
ln}

(ωln − ωml)

×
{

2 fnm

(ωmn − 2ω)
+ fml

(ωml − ω)
+ fln

(ωln − ω)

}

χ
i jk
intra (−2ω; ω,ω) = e3

h̄2

∫
d�k

4π3

[∑
nml

ωnm�r i
nm{�r j

ml �rk
ln}

×
{

fnl

ω2
ln (ωln − ω)

− flm

ω2
ml (ωml − ω)

}

− 8i
∑
nm

fnm �r i
nm

{
�

j
mn�rk

nm

}

ω2
mn (ωmn − 2ω)

+ 2
∑
nml

fnm�r i
nm{�r j

ml �rk
ln}(ωml − ωln)

ω2
mn(ωmn − 2ω)

]

χ
i jk
mod(−2ω; ω,ω) = e3

2h̄2

∫
d�k

4π3

[∑
nml

fnm

ω2
mn(ωmn − ω)

× {ωnl�r i
lm{�r j

mn�rk
nl} − ωlm �r i

nl{�r j
lm �rk

mn}}

− i
∑
nm

fnm�r i
nm{�r j

mn�
k
mn}

ω2
mn(ωmn − ω)

]

where n �= m �= l. Here n denotes the valence states,
m the conduction states and l denotes all states (l �= m, n).
There are two kinds of transitions which take place, one of
them, vcc′, involving one valence band (v) and two conduction
bands (c and c′), and the second transition, vv′c, involving
two valence bands (v and v′) and one conduction band (c).
The symbols are defined as �i

nm(�k) = ϑ i
nn(

�k) − ϑ i
mm(�k)

with �ϑ i
nm being the i component of the electron velocity

given as ϑ i
nm(�k) = iωnm(�k)r i

nm(�k) and {r i
nm(�k)r j

ml(
�k)} =

4
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1
2 (r

i
nm(�k)r j

ml(
�k) + r j

nm(�k)r i
ml(

�k)). The position matrix elements

between states n and m, r i
nm(�k), are calculated from the

momentum matrix element Pi
nm using the relation [23]

r i
nm(�k) = Pi

nm(�k)

imωnm(�k)
, with the energy difference between the

states n and m given by h̄ωnm = h̄(ωn − ωm). fnm = fn − fm

is the difference of the Fermi distribution functions. i , j and k
correspond to Cartesian indices.

It has been demonstrated by Aspnes [24] that only one
virtual-electron transition (transition between one valence band
state and two conduction band states) gives a significant
contribution to the second order tensor. Hence we ignore the
virtual-hole contribution (transition between two valence band
states and one conduction band state) because it was found
to be negative and more than an order of magnitude smaller
than the virtual-electron contribution for these compounds. For
simplicity we denote χ

(2)
i jk (−2ω; ω; ω) by χ

(2)
i jk (ω).

The investigated crystal belongs to the space group P 6̄2m,
so there are only four independent components of the SHG
tensor, namely, the 112 = 121 = 211 = −222 components (1,
2, and 3 refer to the x , y, and z axes, respectively) [25]. These
are χ

(2)
222(ω), χ

(2)
211(ω), χ

(2)
112(ω), and χ

(2)
121(ω). Where χ

(2)
i jk (ω)

is the complex second order nonlinear optical susceptibility
tensor, χ

(2)
i jk (−2ω; ω; ω) can be generally written as χ

(2)
i jk (ω).

The subscripts i, j , and k are Cartesian indices.
The calculated imaginary parts of the second order SHG

susceptibilities χ
(2)
112(ω) and χ

(2)
222(ω) are shown in figure 3. We

found that χ
(2)
112(ω) is the dominant component, which shows

the largest total Re χ
(2)

i jk (0) value (2.3 pm V−1) compared to

χ
(2)

222(ω) (table 2). This is in accordance with our experimental
data (see figure 2). This value shows very good agreement
with the experimental data (2.0 pm V−1) obtained by Zhang
et al [8, 9]. A definite enhancement in the anisotropy on going
from linear optical properties to nonlinear optical properties
is evident (figure 3). It is well known that nonlinear optical
susceptibilities are more sensitive to small changes in the band
structure than the linear optical ones. Hence any anisotropy in
the linear optical properties is enhanced more significantly in
the nonlinear spectra.

In figure 4 we present the inter-band and intra-band
contributions to the ω and 2ω resonances for the real and
imaginary parts of χ

(2)

112(ω). We note the opposite signs of the
two contributions throughout the frequency range. We find that
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Figure 4. Calculated Im χ
(2)

112(ω) and Re χ
(2)

112(ω). All Im χ(2)(ω) are
expressed in units of 10−7 esu.

Table 2. Calculated total and intra-/inter-band terms of the zero
frequency of the real part of Re χ

(2)

i jk (ω). The Re χ
(2)

i jk (0) total, inter,
and intra are expressed in units of 10−7 esu. The
total Re χ

(2)

i jk (0) pm V−1 is expressed in pm V−1, in SI units.

Components 112 222

Re χi jk (0)total 0.06 −0.06
Re χi jk (0)inter −0.02 0.02
Re χi jk (0)intra 0.08 −0.08
Total 2.3 −2.3
Re χi jk (0) pm V−1 2.0a

a Reference [21] (experimental data).

the ω resonance is smaller than the 2ω resonance. As can be
seen the total second order susceptibility determining SHG is
zero below half the band gap. The 2ω terms start contributing
at energies ∼1/2Eg and the ω terms for energy values above
Eg. In the low energy regime (�5 eV) the SHG optical spectra
is dominated by the 2ω contributions. Beyond 5.1 eV (values
of the fundamental energy gaps) the major contribution comes
from the ω term.

We have calculated the total complex susceptibility
for χ

(2)
112(ω) and χ

(2)
222(ω). The real part of the two

components is shown in figure 5. The zero-frequency limits
of the two components for Re χi jk(0)total, Re χi jk(0)inter,
Re χi jk(0)intra, and total Re χi jk(0) pm V−1 are listed in
table 2. The lack of experimental data prevents any conclusive
comparison with experiment over a large energy range.

One could expect that the structures in Im χ
(2)

i jk (ω) could be
understood from the features of ε2(ω). Unlike the linear optical
spectra, the features in the SHG susceptibility are very difficult
to identify from the band structure because of the presence
of 2ω and ω terms. But we use the linear optical spectra to

5
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identify the different resonances leading to various features in
the SHG spectra. The first spectral band in Im χ

(2)
123(ω) between

0.0 and 5.0 eV is mainly originated from the 2ω resonance and
arises from the first structure in ε2(ω). The second spectral
band between 5.0 and 8.0 eV is associated with interference
between the ω resonance and 2ω resonance and is associated
with high structure in ε2(ω). The last structure from 8.0–
12.0 eV is mainly due to the ω resonance and is associated
with the tail in ε2(ω). Such features are typical for the borate
crystals [26].

From an experimental viewpoint, one of the quantities
of interest is the magnitude of SHG (proportional to the
second order susceptibility). We present the absolute values
of χ

(2)

112(ω) = χ
(2)

222(ω) in figure 6. The first peak for these
components is located at 2ω = 4.6 eV with the peak value of
0.7 × 10−7 esu.

5. Conclusions

We have performed experimental measurements and theoreti-
cal calculations of linear and nonlinear optical susceptibilities
of novel Na3La9O3(BO3)8, a ternary oxyborate nonlinear sin-
gle crystal. Our first principle calculations of the linear and
nonlinear optical susceptibilities for the NLBO single crystals
within a framework of the FP-LAPW method are compared
with our experimental measurements. Our calculations show
that the edge of optical absorption for ε⊥

2 (ω) and ε
‖
2(ω) is lo-

cated at 5.2 eV, in good agreement with our measurements. The
anisotropy is in a good agreement with the theoretical calcula-
tions. The same is true for the birefringence. The imaginary
and real parts of the second order SHG susceptibility χ

(2)
222(ω)

and χ
(2)
112(ω) were evaluated. We note that any anisotropy in

the linear optical susceptibilities will significantly enhance the
nonlinear optical susceptibilities. Besides, we have established
the 2ω inter- /intra-band contributions to the real and imag-
inary parts of χ

(2)
i jk (ω), showing the opposite signs of the two

contributions throughout the frequency range. This fact may be
used in future for molecular engineering of the crystals in de-
sirable directions. We found that our calculated and measured
refractive indices are in good agreement with those obtained
by Yunge et al [22] at the wavelength of 1068 nm (table 1).
Our calculation shows that χ(2)

112(ω) is the dominant component,
which shows the largest total Re χ

(2)
i jk (0) value (2.3 pm V−1)

XXY = YYY

5 10

(2
)

 χ
 

(ω
)

Energy (eV)

0 15

0.4

0.2

0

0.8

0.6

Figure 6. Calculated absolute values of χ
(2)

112(ω); χ
(2)

112(ω) is
expressed in units of 10−7 esu.

compared to χ
(2)
222(ω) (table 2). This value shows very good

agreement with the experimental data (2.0 pm V−1) obtained
by Zhang et al [20, 21] and our measurements. A sufficiently
good agreement of the calculated values of the optical parame-
ters with the experimental ones was achieved.
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